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Introduction. For many important applications of nuclear theory, such as describing the properties of thousands of nuclei involved in stellar nucleosynthesis processes, models are required to be universal and prediction powerful. At present, the Hartree-Fock Bogoliubov (HFB) theory has been very successful in nuclear physics and in particular is the only microscopic one that fulfills the conditions. However, the HFB wave functions do not respect symmetries of the Hamiltonian and therefore need to be projected onto eigenstates of good quantum numbers associated with symmetries in the laboratory frame.
However, the present methods for implementing the projection have encountered technical difficulties in the evaluation of overlaps, as those required in configuration mixing theories, such as the generator coordinate method (GCM). In the past, the overlap between the HFB wave functions was computed with the Onishi formula [1] , which is based on the determinant. But, unfortunately, it has square root sign ambiguity, seriously hindering its application. A fair number of efforts have been made to overcome this sign problem and to provide new overlap formulae [2] [3] [4] [5] [6] [7] [8] [9] [10] . The sign problem has been opened for more than 30 yeas until the recent work by Robledo [11] . He made the final solution and provided an overlap formula based on the Pfaffian rather than the determinant. After that, overlaps between excited quasiparticle states have been intensively studied, which are also based on Pfaffian [12] [13] [14] [15] [16] . These works focus only on treating the overlaps. However, in practical application, one needs to calculate the matrix elements of physical operators.
The present work is devoted to present efficient formulae to evaluate overlaps involving physical operators, which are applicable to arbitrary HFB wave functions, including those for multi-quasiparticle excitations. The matrix element of operator with multi-quasiparticle excitations is generally given as Here, all operators are defined in the same M −dimensional Fock space.R stands for a unitary operator for the projection. The operatorÔ can be 1 or a one-body operator, T , or a two-body operator,V . In the second quantization representation, one can writeT andV aŝ
where (ĉ † ,ĉ) are the creation and annihilation operators of the spherical harmonic oscillator, i.e.ĉ † µ |− = |N ljm andĉ µ |− = 0. |− stands for the true vacuum.
In principle, to evaluate the matrix elements in Eq.(1), it is enough to use the available formulae in Ref.s [13] [14] [15] [16] . However, the summation over the µ, ν, δ, γ indexes in the two-body interaction of Eq.(3) is time-consuming for each matrix element in Eq. (1) . Calculations in large Fock space will be even more exhaustive. In this Letter, we present new formulae for evaluating the matrix elements of Eq. (1) which are expected to be more efficient in the symmetry-restoration calculations in large Fock space.
Overlaps. Let's start with a useful equation that the expectation value of a product of single-fermion operators,ẑ i , is given by the Pfaffian of all possible contractions [15, 17, 18] ,
where S is a 2k ×2k skew-symmetric matrix with the matrix element S ij = −|ẑ iẑj |− (i < j). One can extend Eq. (4) to a more general form
where |Φ a (or |Φ b ) can be regarded as the true vacuum or arbitrary HFB vacuum. S is a 2n×2n skew-symmetric matrix, but the matrix element is
Here, we assume that Φ a |Φ b is nonzero, and can be evaluated by the available formulae proposed by several authors [11] [12] [13] [14] [15] 19] .
To prove Eq. (5), we define the HFB vacua |Φ a and |Φ b as 
By assuming the unitary transformation between (β a ,β a † ) and (
one has the relation,
By inserting Eq. (9) into Eq. (6), and using the following equation derived from Eq.(10),
one obtains the explicit expressions of S ij in the following three equivalent forms,
or
Notice that the existence of the matrix X −1 is guaranteed by the assumption Φ a |Φ b = 0 according to the Onishi formula [1] .
Here, for convenience, let's define the sub-matrix ,X{i, j, ...}, which is obtained from the skew-symmetric matrix X by removing the rows and columns of i,j,· · · . Note that the values of the indexes i, j, · · · are different from each other.
For the n = 1 case, it is trivial that
If Eq. (5) is also true for n ≤ k − 1 cases, then for the n = k case, we have
and use Eq. (12) to get 
By continuously exchangingβ b j1 withẑ 3 ,ẑ 4 , · · · , etc., one finds
where S{1, i} is the 2(k − 1) × 2(k − 1) matrix corresponding to the overlap Φ a |ẑ 2 · · ·ẑ i−1ẑi+1 · · ·ẑ 2k |Φ b , as we have assumed for the n = k − 1 case. We finally obtain Eq. (5) by applying the following Pfaffian identity to Eq. (20),
where X ij is the matrix element of the skew symmetric matrix X. That concludes our proof. Note that Eq.(5) can be regarded as a generalization of the conclusion proposed recently in Ref. [16] .
Matrix elements of operators. By using Eq. (5), we can compute the matrix elements of Eq.(1) by performing calculations of the following quantities,
Here,ĉ † µ andĉ ν are considered as the special forms ofẑ operators. In doing this, one needs to link the notations in Eq.s(22) and (23) to those in Eq.(1) through:
However
element, one must calculate the 2-fold or 4-fold summation. This is time-consuming when calculations are performed in a large model space. It is worthwhile to propose more compact forms of I 1 and I 2 rather than directly using Eq.s(22) and (23).
To establish the notation, we define the following matrix elements of S and C,
The shapes of the matrices S (+) and S (−) are M × 2n, while the shapes of the matrices C (+) , C (0) and
By using the above matrices, we denote the quantity T 0 and the matrix T for the one-body operatorT ,
To deal with the one-body operator, we first present the explicit expansion of the Pfaffian with respect to the neighboring i 0 -th and j 0 -th (j 0 = i 0 + 1) rows based on the Lemma 2.3 in Ref. [20] ,
where,α ij = 1 if i < j, and α ij = −1 if i > j. Applying the Eq.(34) to the Eq. (22), we have
If pf(S) = 0, the inverse of the matrix S exists, and a more efficient I 1 expression can be obtained from Eq.(35). By applying the following Pfaffian identity derived from the same Lemma 2.3 in Ref. [20] ,
one has i by replacing the i-th row and the i-th column of S with the i-th row of the matrix T, and multiplying the i-th column by −1 to keep the skew-symmetry ofS i . Note that T ii = 0 due to Pauli's exclusion principle. Eq.(35) is then reduced to
In Eq. (38), the following generalized identity of Eq. (21) was used,
which means pf(X) can be expanded in terms of the i-th row of X, and can also be deduced from Lemma 2.3 in Ref. [20] . Eq. (38) is not as efficient as Eq. (37), but it requires only 2n Pfaffians and is still more efficient than Eq.(22).
Calculation of the overlap with two-body operator, like I 2 in Eq.(23), is more complicated. First, we present another explicit expansion of the Pfaffian with respect to the neighboring i 0 -th, j 0 -th (j 0 = i 0 + 1),k 0 -th (k 0 = j 0 + 1) and l 0 -th (l 0 = k 0 + 1) rows based on the same Lemma 2.3 in Ref. [20] ,
where α ijkl = 1 if i < j < k < l, and changes the sign one time for each permutation among the indexes i, j, k, l, i.e., α ijkl = α ij α ik α il α jk α jl α kl . Here,
Like the one-body operatorT , we define the following notations associated with the two-body interaction operatorV ,
where
We then obtain the expression
If S −1 exists, by using Eq.(36) and the following identity from the same Lemma 2.3 in Ref. [20] ,
the overlap with the two-body interaction, I 2 , is given by
Eq. (52) 
WhereS i is the same asS i but T is replaced by V (1) . S ijk {i, j} is a (2n − 2) × (2n − 2) matrix obtained from the matrixS ijk by removing the rows and columns of i and j. For a set of indexes i, j, k,S ijk is the same as S but the matrix elements of the k-th row and k-th column, S kl and S lk (= −S kl ), are replaced with V (2) ijkl and −V (2) ijkl , respectively. It is seen that Eq.(53) is still more efficient than Eq.(23) because the former requires fewer number of Pfaffian values.
All the above formulae are based on the assumption (5) is invalid. In this case, one has to rewrite I 1 and I 2 as
β b andβ a † are special forms ofẑ operators. Rewriting allβ b andβ a † asẑ, and relabel theẑ index, I 1 and I 2 can finally be expressed in concise forms,
which are similar to the Eq.s (22) and (23), but L ′ = L + N a and 2n ′ = 2n + N a + N b . Starting from Eq.s (56) and (57) and replacing |Φ a and |Φ b with |− , one can see all the above derived formulae from Eq.(27) to Eq.(53) are valid because −|− = 1. However, the matrix S becomes S, and its shape becomes (2n+N a +N b )×(2n+N a +N b ) , which is usually much larger than the (2n×2n) dimension of S in the Φ a |Φ b = 0 case, thus more computing time is required.
Numerical calculations have been performed to test the validity of I 1 and I 2 formulae by proving the three different expressions for either I 1 or I 2 to give identical results. To evaluate I 1 and I 2 , we need to know the matrices of To demonstrate the high efficiency of the I 2 formula Eq.(52) in comparison with Eq.(23), we carried out the test calculation with M = 60 and 2n = 10. On the PC with Intel Q8200 CPU, the elapsed time for Eq.(23) is about 300 seconds, while the elapsed time for Eq.(52) is less than 10 seconds. Note that this 10 seconds is mostly spent on evaluating the values of V 0 , V (1) and V (2) using Eq.s (44-46).
Summary In this letter, we focused on the matrix elements of one-body and two-body physical operators between arbitrary HFB states. The formula, Eq.(4), used by Bertsch and Robledo [15] , has been extended to evaluate the matrix element of a product of single-fermion operators between two arbitrary HFB vacua, as seen in Eq. (5) . Based on this formula and some useful Pfaffian related identities, the matrix elements of physical operators have been transformed into compact forms. Usually, only one Pfaffian is required to evaluate such matrix elements. This may make the calculations more efficient. All other special cases, such as Pf(S) = 0 and Φ a |Φ b = 0, have been carefully considered, and the alternative formulae also have been given, but they are still more efficient than the previous formulae.
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